SEMICONFLUENT MAPS AND CONTINUA CONTAINING NO n-ODS ELDON j. VOUGHT (Communicated by Dennis Burke) .
ABSTRACT. J. F. Davis proved that the semiconfluent image of an atriodic continuum is atriodic and asked if this result could be generalized to n-ods. In this paper the question is answered in the affirmative.
It is proved that the semiconfluent image of a Hausdorff continuum containing no n-ods must contain no n-ods In [2, Theorem 1, p. 152] E. E. Grace and the author proved that the semiconfluent image of a chainable continuum is atriodic. Chainable continua are atriodic, and recently J. F. Davis [1, Theorem 1, p . 579] proved the more general result that the semiconfluent image of an atriodic continuum is atriodic. In [1] , Davis raised the general question as to whether the semiconfluent image of a continuum that contains no n-ods must contain no n-ods. It is the purpose of this paper to give an affirmative answer to this question for Hausdorff continua. This result cannot be extended to weakly confluent maps in any way. contradicting the semiconfluence of /. Without loss of generality assume that every component of f~l(K) that intersects V2 also intersects Vi. Suppose that for 2 < i < Jo < n every component of f~x(K) that intersects Vj also intersects Vi. By the above argument, either every component of f~l(K) that intersects Vj0+i also intersects Vi or conversely. In the first case every component of f_1(K) that intersects any one of V2,...,V,0+i also intersects Vi. In the converse case, any component of f~x(K) that intersects any one of V2, ■ ■ ■, Vj0 also intersects Vi and, hence, must intersect Vj0 + i. By induction, the lemma is established.
The Next we show there are at most n -1 components of /_1(Ä"') that lie in M. Suppose there are at least n such components and let C\,..., Cn be n of them. There exist open sets 7?i,..., i2" in X with mutually disjoint closures such that C% C i?¿ and V" n cl(i2¿) = 0, 1 < i < n. Each Ci, 1 < i < n, is contained in a component of f~l(K) that intersects Vj for some j, 1 < / < n -1. By our previous assumption this component must intersect Vn and, hence, must also intersect Bd(iü¿). So for each i, 1 <i < n, there exists a continuum 5¿ in f~x(K) such that C¡ C S, C cl(Ä,-) and S¿ nBd(Äj) ^ 0. Clearly, If fc = 1, define p = 0. If 1 < fc < n -1, let Li,..., Lp be the components of L where 1 < p < k -1. Then Lj, 1 < j < p, intersects at most one V¿, 1 < i < n -1, since f(Lj) is a connected subset of H'\K' and therefore can intersect at most one of the sets cl(U\),... ,cl(/7"_i). Then, since Ci,. -. ,d are components of f~l(K') and subsets of M, for each j, 1 < j < p, Lj intersects exactly one V¿, 1 < * < n -1. Since k + n -p-1 > k + n-(k-1) -1 = n, X contains an n-od. But this contradicts the hypothesis that X contains no n-ods. Hence the theorem is true.
REMARKS. E. E. Grace and the author [2, Example 1, p. 157] have an example of a chainable plane continuum and a weakly confluent map of it onto a simple triod. It is fairly straightforward to alter this example in Rn for any n to obtain a chainable continuum and a weakly confluent map of it onto an (n + l)-od. Since a chainable continuum contains no n-ods, n > 3, this shows that there is no way to generalize the theorem from semiconfluent maps to weakly confluent maps for any combination in which the domain contains no n-ods and the range contains no m-ods, m>n.
Charles Hagopian read this paper in detail and the author wishes to thank him for his helpful suggestions.
Added in proof. W. Bula in a private conversation with the author mentioned that if n = 2 is allowed in the main theorem, then the following result, due to J. F. Davis, is an immediate corollary: If / is a semiconfluent map of a continuum X that is hereditarily indecomposable onto a continuum Y, then Y is hereditarily indecomposable.
